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A hole transport through DNA base sequences was modeled. The fact that DNA consists of two polynucleotide
strands was taken into consideration. Specific DNA base locations are determined in the model. The model
predicts the behavior of a hole acting on the DNA chain, taking into account reversible and irreversible dy-
namics. It was shown that the transfer mechanisms depend on the sequence type and can be either of hop-
ping nature or of superexchange one. Distance dependence of the hole transport relative rate on the number
of hopping steps was investigated. The results obtained were compared with the experimental data. The in-
vestigation demonstrates the utilization of the formalism in practical problems for description of the charge
migration through the different molecular sequences.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The idea of DNA having charge conducting properties has already
been discussed for quite a while and proved in many experimental
works [1-9]. Theoretically, different approaches modeling a charge
transfer dynamics through DNA were suggested, among which
there were polaronic transport [10-13], soliton-like dynamics [14],
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superexchange and multistep hopping [15-19]. However, the prob-
lem of modeling a charge transfer through DNA still remains to be
solved. It is first of all connected with the complexity of constructing
a realistic mathematical model due to a large number of factors re-
sponsible for the charge transfer being involved.

As arule, two sets of parameters are used to describe the process of a
charge migrating through a DNA chain. The first one is that of ionization
potentials - onsite base energies ¢, which determine the energy profile
of DNA's strands. At present, it is known that guanine (G) possesses the
smallest ionization potential, it being roughly speaking by 0.4-0.45 eV
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less than that of adenine (A) and by 0.7-1.5 eV less than those of cyto-
sine (C) and thymine (T). That is why the migrating hole is most likely
to locate on guanines and adenines rather than on thymines or cyto-
sines. The second important energy parameter is the coupling matrix el-
ements vy, which determine the rate of charge transport between
donor n and acceptor m nucleobases. Both ionization potentials
and coupling matrix elements are not static values. They are
gated by the structure and dynamics of DNA as well as by the DNA in-
teraction with the environment (solvent) [20-22]. Thus, Kubar and
co-authors determine several factors responsible for the charge trans-
fer in DNA: 1) the environment factors, i.e., the electrostatic interac-
tion of the charge with the remainder of DNA and solvent, the
fluctuation of counterions; the DNA base fluctuation leading to the
oscillations of ionization potentials in the order of 0.4 eV which has
a crucial impact on the energy profile of the DNA's strands; 2) corre-
lations between the onsite energies of neighboring bases which lead
to the conformational gating type charge transport mechanism; 3)
coupling matrix elements depend on DNA conformation and mutual
base arrangement - twist, rise, stretch, etc. - and they are not affected
by the solvent.

The hole migration process can be described by mean of a
tight-binding Hamiltonian,

Ho = 2 ean)(n| + n;nvn,m\")(m 1

n

where the ionization potentials e, and coupling matrix elements v,
are taken into account.

DNA models can be divided into several levels of complexity
[23,24]. In the first level models, DNA is presented as an elastic rod
or as disks bound together [25]. More complex models - those of
the second level - make allowance for the fact that a DNA molecule
consists of two polynucleotide strands. Here, each strand is modeled
as an elastic rod or interconnected disks [26-29]. The third level
models take additional details of either of DNA polynucleotide
strands into consideration. Bonds inside atomic groups - bases,
sugars, and phosphates - are considered [30]. In the fourth level
models, a pair of nucleotides forms a DNA cell which is periodically
reiterated through a DNA molecule making so-called lattice models
[31]. The fifth level models make allowance for the most possible
exact details [20-22,32].

The process of modeling a charged microparticle migration is of
radically different kind from describing a DNA macromolecule dy-
namics because the former is in essence a quantum object. It has
been found experimentally that the charge migration through the
DNA chain can present two opposite processes: charge transport is
reversible as in the experiments of Lewis et al. [3]. On the other
hand, charge transport could be irreversible process as in the experi-
ments of Giese et al. [1,2]. Today, there is no standard method to in-
clude irreversible dynamics in the theory. The description of the
irreversibility is impossible on the basis of the classical laws of dy-
namics, since the latter are reversible in time [33]. For the same rea-
son the exact description of irreversibility on the basis of
fundamental quantum theory is impossible as well. It is a complex
theoretic problem in itself.

As arule, the irreversible evolution is described on the basis of differ-
ent physical approximations such as the Pauli master equation, kinetic
approaches, the Lindblad axiomatic formalism [13,34-37], and harmon-
ic bath approach [12,13]. In the latter case polaron transport through
DNA was investigated. In these cases of coarse-graining approxima-
tions, the distinction between an open system and its environment is
used. Moreover the Feynman path-integral approach in the dissipative
quantum mechanics is one of the interesting and constructively devel-
oped method for describing quantum dissipative systems [38-40].

The problem of describing irreversibility is currently being widely
discussed in the literature [41-45], it being closely connected with the

investigation of such processes as decoherence in the biomolecular
systems [34,42]; nuclear systems [43,44]; providing a theoretic basis
for describing quantum computations [45], for which the reversibility/
irreversibility problem is crucial. In this connection, selecting an appro-
priate system, or medium, or basis for conducting this kind of research
is of vital importance. That is why building up a theory which could ef-
fectively describe the irreversible as well as reversible evolution pro-
cesses on a unified basis is essential in this case.

One of the possible solutions to this problem can be achieved on
the basis of the mixed quantum-classical nonlinear model, in which
the charge migration through a base sequence is described by the
Schroedinger equation, with DNA being considered as a classical ob-
ject governed by the Hamilton equations [17,19,46].

In the paper, the charge evolution is determined on the basis of a
tight-binding Hamiltonian (Eq. (1)), with coupling matrix elements
v,m being static and time-independent while ionization potentials
en being dynamic and determined by the dynamics of DNA as well
as the DNA-environment interaction. In this case, the paper repre-
sents the ionization potentials as a sum ¢, = ag + o/ yry where the
first term is static and corresponds to the ionization potentials of a
separate base while the second one is dynamic and can depend on a
number of reasons mentioned above. In this case «',, being the con-
stant of the relationship between the charge and shift r, of the
n-base. In our model the value of r,, depends on the viscosity of the
surrounding DNA environment. DNA is viewed as a macroobject
governed by one of the classical models [25-28].

The aim of our work consists in developing model that could pre-
dict the behavior of hole acting on the DNA chain, taking into account
reversible and irreversible dynamics. We investigate the hole-DNA
interaction on the basis of a quantum-classical nonlinear, double-
stranded model. The fact that a DNA molecule is formed by two poly-
nucleotide strands is taken into consideration. Stacking interactions
through either DNA strand are also accounted for, and the hydrogen
bonds are determined. The model clearly determines positions of sep-
arate DNA bases. Based on the model, results were obtained for a hole
migration through DNA base sequences, such as GATGGG, GATGTGGG,
GTTGGG, GTTGTTGGG, and GTTGTTGTTGTTGGG.

The obtained relative transport rate values were compared with
the experimental results [1] and [2]. Dependence of the relative rate
kerrer of hole transport [2] on the number of hopping steps N

In ke g=—nIn N (2)

is discussed.

The work is organized as follows. In Section 2 the nonlinear
double-stranded model is determined. In Section 3 we examine the
nonlinear hole dynamics acting on the DNA chain. In Conclusion the
results of the work are discussed in brief.

2. Model

‘Hq model Hamiltonian presents a DNA macromolecule formed by
two flowing strands (Fig. 1)

.2 .2
Ha=2_ My—;'" +My—§" + ky
n
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with the first and second terms corresponding to the kinetic energy of
the bases located on two different DNA strands with the coordinates
of y1, and y,,,. We proceed from the assumption that y; , <0 and
Yan > 0. The bases are coupled together with hydrogen bonds,
which are modeled by the third term. The last two terms form stack-
ing interaction through each DNA strand. The DNA parameters are:
M — effective base mass, k;, and k, are force constants; | — horizontal
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Fig. 1. DNA model at the initial time.

distance between the bases in equilibrium. The summation in ex-
pression (3) is over the number of base pairs in the strand under
consideration.

'Hqo Hamiltonian determines the properties of the hole located on
the bases in the state of |n > (|m >), where Dirac designation of a
charged particle state was used. In this instance, the shift r,, is repre-
sented as 1, = (Y10 — Yan + D).

Ho = L ahlm (] + 3 a'y (y1a=Yan +1) )0 + 2 vyl iml. (4)

Thus, we consider the hole as a quantum object whose energy e,
depends on the ionization potential value as a dynamic one changing
with time and which consequently depends on the mutual arrange-
ment of base pairs in a DNA strand and is a variable and changes
depending on the environment as well as on DNA's dynamic ones de-
termined by the Hamiltonian H (Eq. (3)). The presence of the charge
on one of the bases should apparently result in deforming the DNA
structure. Taking into account the last fact, we assume that the
bases of the G(+) — C pair had the coordinates y; = 3.2 A and
y> = 4.0 A at the initial time (Fig. 1).

Let us restate Hamiltonians (3) and (4) by introducing new coor-
dinates x; , and x5,

:yl.n +Yon X _Y1,n_3’2,n
. \/j ) 2n \/j .

X1n

Then, expressions for Hamiltonians (3) and (4) can be presented as

Ho= Y M"‘%.n ;in Tk, (\/sz_zn + 1)2 Tk, (Xl.n —Xl.n—l)z er (XZ.n _Xz.n—l)z ‘

n

®)
Ho = L aqimnl + 3 oy (V2 +1)Ininl + 3 vynlnyml. (7)

In the new coordinates, expression (6) can be easily divided into a
sum of terms, some of which depend on x , variable while the others
are x, ,-dependent. In this case, Hamiltonian (7) only depends on x5 ,,
variable. This new Hamiltonian's property will be used later on.

The dynamics of the charged particle is determined by the
Schroedinger equation,

9
20 gt (8)

with [¢) being a particle wave function. We will seek the solution to
the Schroedinger Eq. (8) as

) = 2 ba(8)In)- 9

In expression (9), the coefficient b,(t) depends on time, while its
squared module determines the probability of the charge location at
the t moment on an n-base. Substituting the wave function (Eq. (9))
for the Schroedinger equation, the latter reduces to the equation
which determines the temporal evolution of the coefficient b,(t)

0b,,(t)
ot

i = () + 3 by (O + &by (6)(V2x0 1), (10)
z. , ,

m(n#m

The expression obtained can be reworked with the help of the nearest
neighbor approximation. In this approximation, it is assumed that an n-
base interacts vertically with the nearest neighboring n — 1 and n + 1
base sequence. In the nearest neighbor approximation, we will have

b, (t)
ot

B8 = —i[By (00 + &by (6) (V2o 1) + by (V1 + by (OV -

(11)
Let us introduce new undimentional parameters 1, ipm,t,®, K

and (3, having dimensionality of length [17], which are related to
Hamiltonian (7) parameters by the equalities

o_h . h BM
oy = ;nn' Vim = ?nn,m- o, = 7'
3 2 : (12)
L P
M -’
In equalities (Eq. (12)), the parameter 7 = 10~ s, ? = 725,
Then, with the help of relationship (12), expression (11) is restated as
ob,(t .
Z;lf( ) =1 bn(t)nn + bn—l(t)nn,nfl + bn+1 (t)nn,nﬂ + 2Km2bn(t)zn ’

(13)

where undimentional variable z, is determined as follows z, = u,, + up,

. X0
with ug = 55, Uy =35

Applying the Hamilton approach, a system of equations describing

the dynamics of the DNA-charged particle interaction can be deter-
mined by expression (13), and Hamilton equation:

op, OH
= ann, (14)
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with p, being an n-base impulse; # being a full Hamiltonian, and F,
being a damping term. The damping term for n-base can be determined
as F, = —'yay—t", where 7y is the damping coefficient. The interaction of
DNA with environment leads to energy dissipation. The Hamiltonian
for dissipative system, in particular, can be written in the Caldirola-
Kanai form H = exp(—yt/M)p?/2M + exp(yt/M)V [47], where the
first-kinetic term is damped in the time, and the second-potential
term is larger. As it was shown in the work [48] the damping term
which has been put by hand (as in our case) is nothing else than the
contribution of a damped kinetic term governed by the Caldirola-
Kanai Hamiltonian. Thus, we determine our model with the dissipative
effect on the basis of the Caldirola-Kanai approach.

The full DNA-charge Hamiltonian in expression (14) is deter-
mined as a sum of two terms

H="Hq + WHo ), (15)
where the first-classical-part being determined by expression (6)
while the second one - the matrix element of operator (7) — by a

charged particle quantum dynamics. Taking into account expres-
sions (7) and (9) for the matrix element, we can write down

(WlHly) = X2 Ib(t) o+ X2 1bu (1)t s (V20 +1)

_ (16)
+; (Vn,n+lb;(t)bn+l (t) + Vn.n—lb;(t)bn—l (t)) .

Hamiltonian's equations for the bases located on the either of the
strands are as follows,

azyl,n aH ayl.n

M =— - , 17
ot? Y1 Yo a7
623’2 n aH ay2 n
P = — =, 18
ot? Y2 Y ot (18)
Egs. (17) and (18) can be redefined by introducing x; , and x5 ..
After a number of simple transformations (Appendix A) we obtain
%%, _ aH(XLn) _yaxm (19)
or? 0x1 ot ’
o _ 0H (XZ.n) _yaxz‘n (20)
or? 0x, ot ’

with H(x; ,) and H(xz_n) Hamiltonians depending on different vari-
ables and appearing as

. .
H(xa)= T )<%2ﬂ+kv(x1,n )2(1’"1) : 1)
T B 2 2
H(x0) = 2 s T Car ;2’”’1) +ky ﬁxz';“) + (Wil

(22)

While calculating Hamiltonian derivatives (Appendix A) the system
of equations defining the DNA-charge dynamics may be written as

0by (1)
ot

= i [by(t)y + Dy 1 (O + Dot (O oy + 2600°Dy (012, ,
(23)

0%z,

2 2 2 10z
afz =, <Zn.n+1 —22,1 +Zn.nfl> _lbn(t)‘ —20 Z,—0 a_fn’ (24)
azan 2 ,aXLn
P @y (Xl‘nﬂ 2%+ Xl,n—l) O (25)

where undimentional frequency constants ®, and ' appearing as
w2 =7k o =7

The first three terms in expression (23) determine the reversible
charge dynamics, while the charge interaction with DNA (the second
term in Eq. (4)) leads to the fourth term. Thus, the charge evolution is
described as the competition between two contributions that results
in reversible or irreversible process.

As has been noted in the paper, introducing undimentional parame-
ters (Eq. (12)) permits to reduce the Schroedinger Eq. (11) to the form
of Eq. (23). In this instance, the ionization potentials ¢, which were ini-
tially determined by the expression e, = &l + &'n (V1 , =V + 1), reduce
to the undimentional sum 7, + 2kw?z,, the second term of which is of
dynamic nature and determines the Schroedinger equation's relationship
with the DNA dynamics and the environment. It is this term that makes
an impact on the nature of the hole evolution. The smaller it is in expres-
sion (23), the more reversible the hole evolution becomes. With the latter
increasing, the hole evolution becomes irreversible in character.

The mutual influence of the two micro- and macrosystems in the
model is determined by the second Eq. (24) as well, where the rela-
tionship between the charge (quantum) and DNA (classical) dynam-
ics is determined. Eq. (24) describes the base shift with dissipative
effect (the last term).

The third Eq. (25) corresponds to the classical x4 , value dynamics
with the damping term.

3. Nonlinear hole dynamics

In accordance with experimental works [1] and [2], we investigate a
hole migration through a DNA strand by the example of base sequences
G(+)ATGGG, G(+)ATGTGGG, G(+)TTGGG, G(+)TTGTIGGG, and G(+)
TIGTTGTTGTTGGG. It is assumed that the hole is located on guanine
G(+) base at the initial time. Thus, the G(+ )-C pair is displaced horizon-
tally from equilibrium at the initial time (Fig. 1). The following model pa-
rameters were used in the study: the guanine energy o = 1.24 eV; the
adenine energy of = 1.69 eV; the thymine energy of = 1.90 eV [8],
k, = 2.50 x 102 eV/A?, k, = 490 x 107> eV/A% the base effective
mass M = 2.51 x 1072° kg [23,24,49], @' = 4.50 x 10~3 (see, for in-
stance, the works [17,29,50,51]). In the position of equilibrium, the aver-
age distance | between the complementary base centers amounted to 7 A.
The matrix element values v, were averaged for all n,m base types and
assumed to be equal to 0.12 eV. Certainly, the values of v, ,, are different
for the different n,m transitions. As have been shown by many calcula-
tions (for the more comprehensive data set, see [22,52-54]), the matrix
elements could differ, depending on the nucleobase types and the relative
nucleobase positions on the DNA strand. But as will be shown in our work
the value 0.12 eV is a good approximation for the study of the nonlinear
hole dynamics on the basis of the experimental results under consider-
ation within the context of this paper.

Table 1
K constant values and correspondent « values for the different base sequences (see for
comparison [19,46,50,51,56]).

Sequences K o (eV/A)

GATGGG 16.50 7.31 x 1072
GATGTGGG 27.70 9.47 x 1072
GTTGGG 10.41 5.81 x 1072
GTTGTTGGG 16.49 731 x 1072
GTTGTTGTTGTTGGG 13.32 6.57 x 1072
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Fig. 2. Time-depending probable hole location on the bases of the G(+ )ATGGG sequence.

We selected the constant k (Eq. (23)) so that the results of simu-
lation will be in the best compliance with experiments [1] and [2]
(Tables 1 and 2)).

All the computations in the present paper are numerical. The system
of differential Eqgs. (23)-(25) was solved on the basis of the Runge-
Kutta method of 4-5 order. The precision control was exercised to suit
> |ba|*—1/<5.00 x 107°.

n

Consider the results of solving the system of differential
Egs. (23)-(25).

Fig. 2 shows the probable hole location |b,(t)|* on the bases of the se-
quence G(+)ATGGG (from the bottom upwards, respectively). In this
case, 541 x 10712 s later, the probability of the hole location on the
first guanine falls considerably whereas the one of its location on the
second, third, and fourth guanine rises. The probabilities of the charge
location on the adenine and thymine are very low during the whole pe-
riod of time. The charge is localized on the three following guanines os-
cillating between them. Since adenine's and thymine's ionization
potentials are higher than a guanine's, they present a possible barrier
to the hole migration. However, the hole migrates to guanines, whose
ionization potentials are lower. The hole hops from the guanine G(+)
to the guanines GGG, bypassing adenine and thymine. In this case result
demonstrates irreversible hole dynamics being in a good agreement
with the conclusions of the work [1]. We have a one-step hole transfer
via a superexchange mechanism between G(+) and GGG bases.

Fig. 3 shows the dynamics of the hole-sequence G(+)ATGTGGG
interaction. Here, initially we have the reversible process. The hole
oscillates between the first two guanines, bypassing the adenine
and thymine. Then 3.41 x 10~ '2 s later, it migrates to the second
guanine and remains there for a short period of time. The process

the requirement

|2

Table 2
Absolute k; (s~') and relative transfer rates for the different base sequences: experi-
mental [1,2] kcryer values and our results Kepeor.

Sequences ki(s™") kerret [1,2] Keheor
GATGGG 1.85 x 10! 320 320
GATGTGGG 1.25 x 10 3.40 2.16
GTTGGG 245 x 10" 8.90 424
GITGTTGGG 1.49 x 10" 2.80 2.58
GTTGTTGTIGTTGGG 625 x 101° 0.88 1.08

(=]
W
AL LAIL IR LAY ALt SRS LalS L) Ll LA LA LA LR LA LS Ll

PROBABILITY
[=]
S

S
T

1.5x 10

5% 10712 101 2x 101

t(s)

Fig. 3. Time-depending probable hole location on the bases of the G(+ )ATGTGGG sequence.

becomes irreversible in 8.00 x 10~ 2 s, after which the hole migrates
to the GGG unit, bypassing the last thymine of the sequence. Here, we
deal with a hopping mechanism, which correlates well with the ex-
periment under consideration.

We defined the absolute transfer rate k;, for each i-th sequence, as the
reciprocal of the migration time t of the hole from the guanine G(+) to
GGG (Table 2). The direct comparison of the k; values we obtained with
those in works [1] and [2] is impossible since here a measurement of rel-
ative transfer rates ket for each sequence rather than absolute transfer
rates k;, was taken through k; comparison with kg, 0. The latter, indicates
the absolute rate of the H,0 reaction with the strand.

Let the ratio k; /ky,o be a relative rate kcr,r... In our case we will de-
termine the relative transfer rates k.., taking up the sequence G(+)
ATGGG as a reference sequence (see, for instance, Ref. [55]), the

75
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(0)3 A an s i ! B
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E 05E
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= 0 f

g o7 T =

Z 053 3

T T o T
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0.75 E

0.5 3

0.25 E

0 . ‘ ‘ ]
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Fig. 4. Time-depending probable hole location on the bases of the G(+)TTGGG
sequence.
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2x10™M

absolute transfer rate value kg 4)arccc of which was selected as equal
to 1.85 x 10''s™ . Using the K¢y e = ki/kn,0, determination, we ob-
tain kepeor = 3.20ki/k(+)a1660, With the value 3.20 being the relative
rate Ker el = Ko(4)atccc/Km,0 for the G(+)ATGGG sequence from the
work [1]. Table 2 shows the obtained values k¢peor as compared to
the experimental results kcr e [1,2].

Consider next a hole transfer dynamics through G(+)TTGGG, G(+)
TTGTTGGG, and G(+ )TTGTTGTTGTTGGG sequences (Figs. 4, 5, and 6). In
the latter figure, only bases - guanines - on which the hole is localized
while migrating are represented. The hole transfer is seen to be well-
described by a superexchange, irreversible model for G(+)TTGGG se-
quence (Fig. 4) and by a two- and four-hopping-step irreversible
model in the cases of G(+)TTGTTGGG (Fig. 5), and G(+)TTGTTGTTGTT
GGG (Fig. 6) sequences. Following Eq. (2) the number of hopping
steps N has the value of 1 and 2 for the strands G(+)TTGGG and G(+)
TTGTTGGG, or 4 for the strand G(+ )TTGTTGTTGTTGGG. In this case the
calculation results for the relative rate kg, oObtained within the frame-
work of our model are seen (Table 2) to be in good agreement with the
experimental data of the work [2], Eq. (2) forn = 1.7 4 0.2.

4. Conclusion

The reversible and irreversible dynamics of hole acting on the DNA
chain were described. Thus, the direction of the evolution process —
reversible/irreversible evolution — depends on the base energy fluctu-
ations and is dynamic in character.

The model considered above leads to the results which are in good
agreement with the experiments [1] and [2] on the hole transfer
through the DNA base sequences. The rate values Keor Obtained in
the work correlate with the experimental data in order of magnitude.
In accordance with the experiment, the hole transfer mechanisms
were determined as the superexchange mechanism - the sequences
GATGGG and GTTGGG, and the hopping mechanism - the sequences
GTTGTTGGG, GTTTGTTGTTGTTGGG, and GATGTGGG. The dynamics of
the hole evolution through DNA in the cases GTTGGG, GTTGTTGGG,
and GTTGTTGTTGTTGGG sequences corresponds to Eq. (2).

We assume that the investigation demonstrates the utilization of the
formalism in practical problems for the study of charge migration through
different molecular sequences that may be tested in experiments.
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Fig. 6. Time-depending probable hole location on the G bases of the G(+)
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Acknowledgments

We are grateful to Prof. B. L. Reznik, Prof. V. A. Nevzorova and Prof. A.
A. Goy, Prof. A. V. Molochkov for the support of this work. Numerical
computations were performed at SC IACP DVO RAS. The work was sup-
ported by the FEFU development program project “Nuclear Medicine”.

Appendix A. Derivation of the expressions

Adding the left and right parts of expressions (17) and (18) we
will have

Rearranging

0 0 0x,, 0x;,\ 0
ta—|H= = H
(ayUl ayz,n> <ay1‘n BYZ.n> axl‘n
0y 0%y 0
+ =+ . H
(ayl,n ayZ,n) axz,n
0
=v2 m?—( (Xm)

and using expression (5) we derive Eq. (19). Subtracting Eq. (18)
from (17)

d /. . d 0 0
Mﬁ(}’m—)’z,n) = _(m_%>7‘f—ym ()H,n—}’z,n) (A3)
and performing analogous transformations
a a aX] n aX] n a
— H= (g — L H
(ayl.n ayln) <ay1,n ah,n) axlAn
(A4)

0Xy, O0%,\ 0
o L e
(ayl,n ayZ,n) axz,n

0
= \/EW“HG(M)
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we arrive at Eq. (20). Consider the Hamiltonian H(x1,n> and H (Xz,n)
derivatives. The Hamiltonian + (Xm) derivative takes the form

oH (Xl,n>

axl,n = _kv (XZ,nH _2X2,n + X2n—1 ) . (A‘S)

Multiplying the obtained result by 72/M, we have Eq. (25). The
Hamiltonian H(x, ) derivative can appear as

oH (Xln)
0%

+k,,\/§(\/§x2_,, + 1) +2a,|b, .

=k, (Xz,n —Xant1 T X2 _xz,nfl) (A6)

Going then to the variable z, = u, + uo, where ug = ;; and u, =

% we obtain Eq. (24).
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